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Abstract 



It is shown that every homeomorphism / of finite distortion in the plane is the so-called 
lower (^"homeomorphism with Q(z) = Kf(z), and, on this base, it is developed the theory of 
the boundary behavior of such homeomorphisms. 



1 Introduction 

The concept of the generalized derivative was introduced by Sobolev in [31]. Given a 
domain D in the complex plane C, the Sobolev class W 1,1 (D) consists of all functions 
/ : D — > C in L l (D) with first partial generalized derivatives which are integrable in 
D. A function / : D -> C belongs to W^(D) if / G for every open set D* 

with its compact closure C D. 

Recall that a homeomorphism / between domains D and D' in C is called of 
finite distortion if / G Whl and 



with a.e. finite function K where ||/'( z )ll denotes the matrix norm of the Jacobian 
matrix f of / at z G D and Jf(z) = detf'(z), see [10]. Later on, we use the notion 
K f (z) for the minimal function K(z) ^ 1 in (O). Note that \\f'(z)\\ = \f z \ + \f z \ 
and Jf(z) = \f z \ 2 — \fz\ 2 at the points of total differentiability of /. Thus, Kj{z) = 



\\f(z)\\yj f (z) = (\f z \ + |M) / (\f z \ - \f g \) if J f (z) ? 0, K f (z) = 1 if f(z) = 0, i.e. 



\fz\ = \fz\ =0, and Kf(z) = oo at the rest points. 

A continuous mapping 7 of an open subset A of the real axis R or a circle into D 
is called a dashed line, see e.g. Section 6.3 in [23]. Recall that every open set A in R 
consists of a countable collection of mutually disjoint intervals. This is the motivation 
for the term. 
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Given a family T of dashed lines 7 in complex plane C, a Borel function g : C — > 
[0, 00] is called admissible for V, write g G admT, if 

J gds ^ 1 (1.2) 

7 

for every 7 6 T. The (conformal) modulus of T is the quantity 

M(r) = inf / g 2 (z)dm(z) (1.3) 

gGadmT y 

C 

where dm(z) corresponds to the Lebesgue measure in C. We say that a property P 
holds for a.e. (almost every) 7 G T if a subfamily of all lines in T for which P fails has 
the modulus zero, cf. [4]. Later on, we also say that a Lebesgue measurable function 
g : C — > [0, 00] is extensively admissible for T, write g G extadmT, if ( 11.21 ) holds 
for a.e. 7 G T, see e.g. 9.2 in [23]. 

The following concept was motivated by Gehring's ring definition of quasiconfor- 
mality in [5]. Given domains D and D' in C = C U {00}, zq G D \ {00}, and a 
measurable function Q : D — > (0, 00), we say that a homeomorphism / : D — > D' is a 
lower Q-homeomorphism at the point zq if 

M(/E £ ) > inf / j^dm(x) (1.4) 

DHR e 

for every ring 

R £ = {z G C : e < \z - Zq\ < £ }, £ G (0, £ ), G (0, d ) , 

where 

do = sup \z — zq \ , 

zeD 

and E e denotes the family of all intersections of the circles 

S(r) = S(zo, r) = {z G C : \z - z \ = r}, r G (e, e ) , 
with the domain D. 

The notion can be extended to the case zq = oo G D in the standard way by 
applying the inversion T with respect to the unit circle in C, T(x) = z/\z\ 2 , T(oo) = 0, 
T(0) = oo. Namely, a homeomorphism / : D — > D' is a lower Q-homeomorphism 
atooG.DifF = /oTisa lower Q^-homeomorphism with Q* = QoTat0. We also 
say that a homeomorphism / : D — > C is a lower Q-homeomorphism in dD if / 
is a lower Q-homeomorphism at every point zq G dD. 

Further we show that every homeomorphism of finite distortion in the plane is 
a lower Q-homeomorphism with Q(z) = Kj(z) and, thus, the whole theory of the 
boundary behavior in [T2] . see also Chapter 9 in [23], can be applied. 
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2 Preliminaries 



Recall first of all the following topological notion. A domain D C C is said to be 
locally connected at a point zq G dD if, for every neighborhood U of the point zo, 
there is a neighborhood V C U of zq such that V D D is connected. Note that every 
Jordan domain D in C is locally connected at each point of dD, see e.g. [35], p. 66. 




We say that dD is weakly flat at a point zq G dD if, for every neighborhood 
U of the point z$ and every number P > 0, there is a neighborhood V C U of zq such 
that 

M(A(F, F; D)) ^ P (2.1) 

for all continua E and F in D intersecting 5?7 and dV . Here and later on, A(E, F; D) 
denotes the family of all paths 7 : [a, b] — > C connecting £" and F in D, i.e. 7(a) G 
7(6) G F and 7(£) G for all £ G (a, 6). We say that the boundary dD is weakly 
flat if it is weakly flat at every point in dD. 




We also say that a point zq G dD is strongly accessible if, for every neighbor- 
hood U of the point zo, there exist a compactum E in D, a neighborhood V C U of 
zo and a number 5 > such that 

M(A(F,F;£>)) ^ (5 (2.2) 

for all continua F in D intersecting and We say that the boundary dD is 
strongly accessible if every point zq G dD is strongly accessible. 
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Here, in the definitions of strongly accessible and weakly flat boundaries, one can 
take as neighborhoods U and V of a point zq only balls (closed or open) centered at 
zq or only neighborhoods of zq in another fundamental system of neighborhoods of zq. 
These conceptions can also be extended in a natural way to the case of C and zq = oo. 
Then we must use the corresponding neighborhoods of oo. 

It is easy to see that if a domain D in C is weakly flat at a point zq G dD, then 
the point zq is strongly accessible from D. Moreover, it was proved by us that if a 
domain D in C is weakly flat at a point zq G dD 7 then D is locally connected at Zq, 
see e.g. Lemma 5.1 in [12] or Lemma 3.15 in [23J. 

The notions of strong accessibility and weak flatness at boundary points of a 



domain in C defined in |TT] are localizations and generalizations of the corresponding 
notions introduced in [21]— [22] , cf. with the properties Pi and P2 by Vaisala in [33] and 
also with the quasiconformal accessibility and the quasiconformal flatness by Nakki in 
[26] . Many theorems on a homeomorphic extension to the boundary of quasiconformal 
mappings and their generalizations are valid under the condition of weak flatness of 
boundaries. The condition of strong accessibility plays a similar role for a continuous 
extension of the mappings to the boundary. In particular, recently we have proved 
the following significant statements, see either Theorem 10.1 (Lemma 6.1) in [12] or 
Theorem 9.8 (Lemma 9.4) in [23]. 

Proposition 2.1. Let D and D' be bounded domains in C, Q : D —>■ (0, 00) 

a measurable function and f : D — >• D' a lower Q -homeomorphism in dD. Suppose 
that the domain D is locally connected on dD and that the domain D' has a (strongly 
accessible) weakly flat boundary. If 

S(z ) 

dr 

—-. = 00 Vz edD (2.3) 

Q\\i{zo,r) 

for some 5(zq) G (0,d(zo)) where d(zo) = sup | z — zo\ and 

ZED 

II Q\\i(z ,r) = J Q(z)ds, 

DnS(z ,r) 

then f has a (continuous) homeomorphic extension f to D that maps D (into) onto 

17. 

Here as usual S(zo,r) denotes the circle \z — zq\ = r. 

A domain D C C is called a quasiextremal distance domain, abbr. QED- 
domain, see [7], if 

M(A(E, F; C) ^ K ■ M(A(E, F\ D)) (2.4) 
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for some K ^ 1 and all pairs of nonintersecting continua E and F m D. 
It is well known, see e.g. Theorem 10.12 in [33], that 

M(A(E,F;C)) ^ - log- (2.5) 

it r 

for any sets E and F in C intersecting all the circles S(zo,p), p £ (r,R). Hence a 
QED-domain has a weakly flat boundary. One example in [23], Section 3.8, shows that 
the inverse conclusion is not true even among simply connected plane domains. 

A domain D C C is called a uniform domain if each pair of points z\ and 
Z2 £ D can be joined with a rectifiable curve 7 in D such that 

3(7) < a ■ I zi - z 2 \ (2.6) 

and 

min s(j(zi,z)) < b-d{z,dD) (2.7) 

i=l,2 

for all 2 £ 7 where 7(2^,2:) is the portion of 7 bounded by z\ and z, see [23]. It is 
known that every uniform domain is a QED-domain but there exist QED-domains that 
are not uniform, see [7]. Bounded convex domains and bounded domains with smooth 
boundaries are simple examples of uniform domains and, consequently, QED-domains 
as well as domains with weakly flat boundaries. 

A closed set X C C is called a null-set for extremal distances, abbr. NED- 
set, if 

M(A(E, F; C)) = M(A(E, F; C\X)) (2.8) 
for any two nonintersecting continua E and F C C\X. 

Remark 2.1. It is known that if X C C is a NED-set, then 

\X\=0 (2.9) 

and X does not locally separate C, see [33], i.e., 

dim X SCO, (2.10) 

and hence they are totally disconnected, see e.g. p. 22 and 104 in [9]. Conversely, if a 
set X C C is closed and is of length zero, 

H\X) = : (2.11) 

then X is a NED-set, see [33]. Note also that the complement of a NED-set in C is a 
very particular case of a QED-domain. 
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Here H 1 (X) denotes the 1-dimensional Hausdorff measure (length) of a set X in 
C. Also we denote by C(X, f) the cluster set of the mapping / : D — > C for a set 
X CD, 

C(X, /) : = \w G C : w = lim f(z k ), z k ^ z e X, z k G d) . (2.12) 

Note that the inclusion C(dD, f) C 3D' holds for every homeomorphism / : D — > D', 
see e.g. Proposition 13.5 in [2~3] . 

3 The main lemma 

Theorem 3.1. Let f : D G be a homeomorphism with finite distortion. Then f 
is a lower Q -homeomorphism at each point zq G D with Q(z) = Kj(z). 

Proof. Let B be a (Borel) set of all points z in D where / has a total differential 
with Jf(z) 7^ a.e. It is known that B is the union of a countable collection of Borel 
sets B\, I = 1,2, ... , such that // = J\b 1 is a bi-Lipschitz homeomorphism, see e.g. 
Lemma 3.2.2 in [3]. With no loss of generality, we may assume that the B\ are mutually 
disjoint. Denote also by B* the set of all points z G D where / has a total differential 
with f'(z) = 0. 

Note that the set Bq = D \ (B U B*) has the Lebesgue measure zero in C by 
Gehring-Lehto-Menchoff theorem, see [6] and [IS]. Hence by Theorem 2.11 in [13], 
see also Lemma 9.1 in [23], length(7 PI Bq) = for a.e. paths 7 in D. Let us show 
that length(/(7) D /(Bq)) = for a.e. circle 7 centered at zq. 

The latter follows from absolute continuity of / on closed subarcs of jDD for a.e. 
such circle 7. Indeed, the class is invariant with respect to local quasi-isometries, 
see e.g. Theorem 1.1.7 in [25], and the functions in W lo '* is absolutely continuous on 
lines, see e.g. Theorem 1.1.3 in [25]. Applying say the transformation of coordinates 
log(z — zq), we come to the absolute continuity on a.e. such circle 7. 

Thus, length (7* fl /(Bq)) = where 7* = 7(7) for a.e. circle 7 centered at zq. 
Now, let G &dmf(r) where T is the collection of all dashed lines 7 fl D for such 
circles 7 and = outside f(D). Set g = outside D and 

Q{z) : = Q*{f{z))(\fz\ + \fz\) for a.e. z G D 
Arguing piecewise on B\, we have by Theorem 3.2.5 under m = 1 in [3] that 

J gds ^ J g*ds* ^ 1 for a.e. 7 6 T 

7 7* 



because length(/(7) D f(B )) = and length(/(7) n /(#*)) = for a.e. 7 G T, 
consequently, g G extadmT. 



On the other hand, again arguing piecewise on B^ we have the inequality 

dm(z) ^ J gl(w) dm(w) 



g 2 (x] 



J K f {z) 

D f(D) 

because J f (z) = \f z \ 2 - \f- z \ 2 and K f (z) = (\ f z \ + \f z \)/(\f z \ - \f z \) on B and 
Kf(z) = 1 and g(z) = on 5*. Consequently, we obtain that 



M(/r) > inf / iM-dm^ 

peextadmT J Kflz) 



D 

i.e. / is really a lower Q-homeomorphism with Q(z) = Kf(z). 

4 On the removability of isolated singularities 

In view of Theorem 13.11 we obtain by Theorem 4.1 in [12] or Theorem 9.3 in [23] the 
following statement. 

Theorem 4.1. Let D be a domain in C, z$ G Z) ; and f be a homeomorphism 
with finite distortion of D\ {zo} into C. Suppose that 

So 



where £0 < dist(zo,dD) and 

k f (r) = I K f (z) \dz\ . (4.2) 

J\z-z \=r 

Then f has a continuous extension to D in C. 

From here we have, in particular, the following consequences. 

Corollary 4.1. Let D be a domain in C and let f be a homeomorphism with 
finite distortion of D\ {zq] into C. If 

/ K f (z)\dz\ = O(log-) asr^O, (4.3) 

J\z-z \=r V r J 
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then f has a continuous extension to D in C. 

Corollary 4.2. Let D be a domain in C, xo G D, and f be a homeomorphism 
with finite distortion of D\ {zq} into C If 

f ( 1 1 iA 

f Kf{z) \dz\ = O I log - • log log log . . . log - j as r — > , 



z-z \=r 



(4.4) 

then f has a continuous extension to D in C. 



5 On a continuous extension to boundary points 



In view of Theorem 13.11 we have by Theorem 6.1 in [12] or Lemma 9.4 in [23] the next 
statement. 

Lemma 5.1. Let D and D' be domains in C, zq G dD, and f : D — >• D' 

be a homeomorphism with finite distortion. Suppose that the domain D is locally 
connected at zq G dD and dD' is strongly accessible at least at one point of the cluster 
setC(z J). If 

1 dr = oo (5.1) 







KfUr) 



where < £q < do = sup | z — | , and 

ZED 

\\K f Ur) = J K f ds, (5.2) 

DnS(z ,r) 

then f extends by continuity to zq in C. 

In particular, we have the following consequence of Lemma ED 

Corollary 5.1. Let D and D' be QED domains in C, zq G dD, and f : D — > D' 

be a homeomorphism of finite distortion. If ( I5.il) holds, then f extends by continuity 
to zq in C. 

Note that the complements of NED sets in C give very particular cases of QED 
domains. Thus, arguing locally, by Theorem 15.11 we obtain the following statement. 
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Theorem 5.1. Let D be a domain in C, X C Z) ; and f be a homeomorphism 
with finite distortion of D\X into C. Suppose that X and C(X,f) are NED sets. If 

/dr 
\\ K f\\i{ r ) 


where 

< £0 < do = dist (20, <9£>) (5.4) 

H^/lliM = / H , (5-5) 

\z-z \=r 

then f can be extended by continuity in C to Zq. 

6 The extension of the inverse mappings to the boundary 

The base of the proof for extending the inverse mappings for homeomorphisms of finite 
distortion is the following lemma on the cluster sets. 

Lemma 6.1. Let D and D' be domains in C ; Z\ and Z2 be distinct points in dD, 
Z\ 7^ oo ; and let f be a homeomorphism with finite distortion of D onto D' . Suppose 
that the function Kj is integrable on the dashed lines 

D(r) = {z E D :\z- z l \=r} = Df)S{z u r) (6.1) 

for some set E of numbers r < \z\ — z<i\ of a positive linear measure. If D is locally 
connected at Z\ and Z2 and dD' is weakly flat, then 

C(z h f)DC(z 2 J) = 0. (6.2) 

The of Lemma ET] follows by Theorem 13. II from Lemma 9.1 in [12] or Lemma 9.5 
in [23]. 

As an immediate consequence of Lemma ED, we have the following statement. 

Theorem 6.1. Let D and D' be domains in C ; D locally connected on dD and 
dD' weakly flat. If f is a homeomorphism with finite distortion of D onto D' with 
Kf G L l (D), then f~ x has an extension by continuity in C to D'. 

Proof. By the Fubini theorem, the set 

E = {re (0,d) : K f \ D{r) G L 1 (D(r))} (6.3) 
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has a positive linear measure because Kf G L 1 (D). 

Remark 6.1. It is clear from the proof that it is even sufficient to assume in 
Theorem 16. II that Kf is integrable only in a neighborhood of dD. 

Moreover, in view of Theorem 13.11 we obtain by Theorem 9.2 in [12] or Theorem 
9.7 in [22] the following conclusion. 



Theorem 6.2. Let D and D' be domains in C, D locally connected on dD and 
dD' weakly flat, and let f : D — > D' be a homeomorphism with finite distortion such 
that the condition 

S(zo) 

[ ttjt^I r = oo (6.4) 



holds for all zq G 3D with some 5(zq) G (0, d(zo)) where d(zo) = sup | z — zq\ and 



\\K f \\ 1 (z ,r)= J Kfds (6.5) 

D(z ,r) 

is the Li-norm of Kf over D(zo,r) = {z G D : \z — zq\ = r} = D D S(zo,r). Then 
there is an extension of f^ 1 by continuity in C to D' . 



7 On homeomorphic extension to the boundary 



Combining Lemma I5TT1 and Theorem 16.21 we obtain the following statements. 



Theorem 7.1. Let D and D' be bounded domains in C and let f : D — > D 1 be 

a homeomorphism with finite distortion in D. Suppose that the domain D is locally 
connected on dD and that the domain D' has a weakly flat boundary. If 

S(z ) 

C dr 

= oo V z G dD (7.1) 



o 



for some 5(zq) G (0, d(zo)) where d(zo) = sup | z — 2q| and 

zeD 

\\K f Uz ,r)= J Kfds, (7.2) 

DnS(z ,r) 

then f has a homeomorphic extension to D. 



in 



In particular, as a consequence of Theorem 17.11 we obtain the following general- 
ization of the well-known Gehring-Martio theorem on a homeomorphic extension to 
the boundary of quasiconformal mappings between QED domains, see [7]. 

Corollary 7.1. Let D and D' be bounded domains with weakly flat boundaries 
in C and let f : D —>■ D' be a homeomorphism with finite distortion in D. If the 
condition ( 17. 1\) holds at every point zq G dD, then f has a homeomorphic extension 
to D. 



By Theorem |3JJ we have also the following, see Theorem 10.3 in [12] or Theorem 
9.10 in 



Theorem 7.2. Let D be a bounded domain inC, X C D, and f : D \ {X} — ¥ C 

a homeomorphism with finite distortion. Suppose that X and C(X,f) are NED sets. 
If the condition $7.1\ ) holds at every point zo G X for S(zq) < dist(zo, dD) where 

\\K f \\ 1 (z ,r)= J K f (z)\dz\, (7.3) 

| z~z a \=r 

then f has a homeomorphic extension to D. 



Remark 7.1. In particular, the conclusion of Theorem [721 is valid if X is a closed 
set with 

H\X) = = H\C(XJ)). (7.4) 



8 On some integral conditions 

Recall theorems on interconnections between some integral conditions from [22] and 



For every non-decreasing function $ : [0, oo] — > [0, oo], the inverse function 

: [0 , oo] — > [0, oo] can be well defined by setting 

$ -1 (t) = inf t. (8.1) 

Here inf equal to oo if the set of t G [0, oo] such that ^ r is empty. Note that 
the function is non-decreasing, too. 



Further, the integral in ( 18.41 ) is understood as the Lebesgue-Stieltjes integral and 



the integrals in ( 18.31 ) and ( j8.5j) — ( 18751) as the ordinary Lebesgue integrals. In ( 18.31 ) and 
( 18.41 ) we complete the definition of integrals by oo if = oo, correspondingly, 



1 1 



H(t) = oo, for alH ^ T G [0, oo). 

Theorem 8.1. Le£ $ : [0, oo] — > [0, oo] be a non- decreasing function and set 

H{t) = log <!>(*) . (8.2) 



Then the equality 



oo 

J H'(t) j = oo (8.3) 



implies the equality 



dH(t) 



oo (8.4) 



and flff-^p is equivalent to 



oo 



oo (8.5) 



/or some A > ; and ( Iff. 5p is equivalent to every of the equalities: 

s 



o 



/or some 5 > 0, 



H f i j eft = oo (8.6) 



= oo (8.7) 



A* 



/or some A* > H(-\-0), 



oo 

f dr 



5* 



/or some > $(+0). 



Moreover, $8.30 is equivalent to $8.4\) and hence $8.30 - §8Jfy are equivalent each 



to other if $ is in addition absolutely continuous. In particular, all the conditions 
l\8.3\) - l[KW are equivalent if $ is convex and non- decreasing. 



Remark 8.1. It is necessary to give one more explanation. From the right hand 
sides in the conditions ( IS . 3 H — ( 15T5T) we have in mind +oo. If &(t) = for t G [0, then 
Hit) = — oo for t G [0, t*\ and we complete the definition H'(t) = for t G [0, t*\ . Note, 
the conditions ( 18.41) and ( 18.51) exclude that t* belongs to the interval of integrability 
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because in the contrary case the left hand sides in ( 18.41 ) and ( 18.51) are either equal 



to — oo or indeterminate. Hence we may assume in (18 .31) — ( ]5TBT ) that A > to where 

to: = sup t, to = if $(0) > 0, and 5 < l/to, correspondingly. 

$(t)=o 

Theorem 8.2. Let Q : D — > [0,oo] be a measurable function such that 

J &(Q(z)) dxdy < oo (8.9) 

where $ : [0, oo] — > [0, oo] is a non- decreasing convex function such that 

oo 

f dr , . 

= oo (8.10) 



s 



r $-i( r ) 



/or some 5q > $(0). T/ien 

l 

f dr 



= oo (8.n; 



rq(r) 

where q(r) is the average of the function Q(z) over the circle \z\ = r. 



o 



Here D denotes the unit disk in C. Combining Theorems 18.11 and 18.21 we obtain 
also the following. 

Corollary 8.1. If <fr : [0, oo] — > [0, oo] is a non- decreasing convex function and 
Q : D — > [0, oo] satisfies ji8.9\) . then every of the conditions j[8.3\) - $KW implies j{8.11\) . 



9 On the mappings quasiconformal in the mean 

Integral conditions of the type 

/.(*(,))*»(,)< oo (9.1) 

D 

are often applied in the mapping theory, see e.g. P, [2], [S], [15] -[IB], [2Z], [2B] and 



Combining Theorem 18.21 with Lemma 15.11 and Theorem 17.11 we come to the fol- 
lowing statement. 



13 



Theorem 9.1. Let D and D' be bounded domains in C such that D is locally 
connected at dD and D' has a weakly flat (strongly accessible) boundary. Suppose that 
f : D — > D' is a homeomorphism with finite distortion and 



D 



<5>{K f {z))dm{z) < oo (9.2) 
for a convex non- decreasing function $ : [0, oo] — > [0, oo]. If 

= oo (9.3) 




for some Sq > $(0), then f has a homeomorphic (continuous) extension f to D that 
maps D onto (into) D' . 

Remark 9.1. In particular, the conclusion on homeomorphic extension is valid 
for domains D and D' with smooth boundaries and for convex domains. Note also 
that by Theorem 18.11 the condition (19.31) can be replaced by each of the conditions 
(18.31) - (18.71) . The example in [14] shows that each of the given conditions are not only 
sufficient but also necessary for continuous extension of / to the boundary. 
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